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We consider stochastic differential equations driven by Wiener 
processes. The vector fields are supposed to satisfy only local Lips- 
chitz conditions. The Lipschitz constants of the drift vector field, valid 
on balls of radius R, are supposed to grow not faster than log R, while 
those of the diffusion vector fields are supposed to grow not faster 
than \/log R. We regularize the stochastic differential equations by 
associating with them approximating ordinary differential equations 
obtained by discretization of the increments of the Wiener process 
on small intervals. By showing that the flow associated with a regu- 
larized equation converges uniformly to the solution of the stochastic 
differential equation, we simultaneously establish the existence of a 
global flow for the stochastic equation under local Lipschitz condi- 
tions. 



Introduction. Let Aq,Ai,...,An be N + 1 vector fields on the Euclidean 
space R rf and (wt)t>0 be an R^-valued standard Brownian motion. Consider 
the following Stratonovich stochastic differential equation: 



N 

(0.1) dx t = VjA;(xi)o dwl + A Q (x t )dt, x Q = x 

i=l 



where w\ denotes the iih. component of wt- If the coefficients are sufficiently 
smooth, for example, if Ax, . . . , An are C 2 and Aq is C , then the stochastic 
differential equation (0.1) has a unique solution (xt). In this case, (xt) solves 
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also the following Ito stochastic differential equation: 

N 

(0.2) dx t = ^Ai{xt)dw\ + A (x t )dt, x = x, 

i=l 

where 

1 N d rlA- 

4=1 j=l 3 

Under global Lipschitz conditions on the coefficients Aq,A\ % ...,An, 
Kunita [7] proved that the Ito stochastic differential equation (0.2) defines a 
global flow of homeomorphisms. On the other hand, subject to the assump- 
tions that the coefficients A\,...,An are C 2 , bounded and with bounded 
derivatives of first and second order, and that Aq is C , also bounded with 
bounded derivative, Moulinier [10] proved that almost surely the solutions 
(x™) of the regularized ordinary differential equations 

N 

(0.4) dx2 = ^M^t)w7' i dt + A (x?)dt, x% = x, 

i=l 

where 

(0.5) w? = 2 n (w {k+1)2 -n -w m -n) for t€ [k2~ n ,(k + l)2~ n [, k>0, 

converge to (xt), uniformly with respect to (t, x) in each compact subset of 
R + x R d . This provides another approach to the existence of global flows. 
For related work, we refer to [1, 2, 4, 9] and [11]. 

The main aim of this paper is to remove the global Lipschitz conditions 
from the hypotheses needed to arrive at these conclusions. Based on moment 
estimates for the one-point and two-point motions with explicit dependence 
on the Lipschitz constants, we still obtain the smooth approximation to the 
solution of (0.1). Consequently, we will prove the following result: 

Theorem A. Let Ai,...,Ajy be in the class C 2 and Aq in the class 
C . Suppose that (i) the growth of the coefficients Ai,...,An and their first 
and second order derivatives is dominated by y/log \ x\ and (ii) the growth 
of Aq and its first order derivatives is controlled by log|x|, as \x\ — > oo. 
Then the Stratonovich stochastic differential equation (0.1) defines a global 
flow of homeomorphisms, that is, for each t > 0, the map x — > xt(x) is a 
homeomorphism of R d almost surely. 

The moment estimates we propose in order to derive this theorem are 
in the spirit of Imkeller and Scheutzow [5] and Imkeller [6]. Their starting 
point is a specification of the constant c p (p> 1) in an inequality of the type 

E( sup \x t (x) - x t (y)\ p ) <c p \x-y\ p , x,y£~R d . 
\o<t<i / 
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In [5], under global Lipschitz conditions on the vector fields, it is seen to 
be essentially given by c p = exp(cp 2 ), with a universal c. Here, we shall 
work with similar ideas. The essential novelty is the following observation. 
Assume that only local Lipschitz conditions are given, which on large balls 
of radius m centered at the origin are given by L m . For each m, replace 
the original vector fields by vector fields with global Lipschitz conditions 
and Lipschitz constant essentially equal to L m . Then the global two-point 
motions (xt(x) , xt(y)) are related to the two-point motions (x™(x), x™(y)) 
associated with the modified vector fields through the key equality 

oo 

\x t {x) - x t {y)\ p = \ X F( X ) - x T(y)\ Pl {m-i<Y 1 (x)vY 1 ( y )<m}, 

m=l 

where t £ [0, 1] and Y\(x) = sup 0<t<1 |a;t(x)|,a; € R d . So, the two-point mo- 
tions of the global flow will be controlled by the two-point motions of the 
modified flows and the growth behavior of the one-point motions of the 
global flow. This idea is exploited in Section 1 below (Theorems 1.7 and 
1.8). Section 2 is devoted to giving moment estimates of the same type for 
regularized ordinary differential equations obtained by discretizing the in- 
crements of the Wiener process on dyadic time intervals. Again, this is done 
for one- and two-point motions separately. But the discretization procedure 
will produce a bad term e an (see Theorem 2.6), where a n is an exponen- 
tial function of Lipschitz constants. In order to get the desired result, in 
Section 3, we truncate the vector fields and simultaneously discretize the 
Wiener process. In this way, the bad term e a " can be handled. We show, 
using our moment inequality techniques, that the flows of the regularized or- 
dinary differential equations converge to the flows of the original stochastic 
differential equation, under local Lipschitz conditions (Theorem 3.4). The 
Lipschitz constants on balls of radius R centered at zero are of order log R 
for the drift vector field and yJ\ogR for the diffusion vector fields. These con- 
ditions constitute hypothesis (H). Hence, Theorem 3.4 implies Theorem A 
in the usual way (see, e.g., [4]). 

We should mention that the existence of global flows of homeomorphisms 
for one- dimensional stochastic differential equations was established by Ya- 
mada and Ogura [12], under local Lipschitz and linear growth conditions on 
the coefficients. For the multidimensional case, the situation is quite differ- 
ent; in fact, if we denote by t x the lifetime of the solution (xt{x)) to the 
stochastic differential equation (0.1), the linear growth (or even bounded- 
ness) of coefficients is not sufficient to ensure that 

(0.6) P(t x = +oo, for all x£~R d ) = 1. 

In the case where the diffusion coefficients are in C 2+s and the drift is C 1+s 
with 5 > 0, using local flows of derivatives of solutions, Li [8] proved (0.6) for 
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the stochastic differential equation (0.1), as well as for its dual equation (see 
[7] for this notion), under the same growth condition on the local Lipschitz 
constants as ours in Theorem A; therefore, by Theorem 6.1 or Theorem 7.3 
in [7], she obtains a global flow of diffeomorphisms. Note that even for Ito 
stochastic differential equations, smoothness of coefficients with 5 > was 
needed to apply Theorem 6.1 of [7]. For a study of stochastic differential 
equations under non(local) Lipschitz conditions, we refer to [3]. 

1. Moment estimates for one- and two-point motions. Let (xt(x)) be the 

solution of the Ito stochastic differential equation (0.2). The growth of the 
moments of (xt(x)) in the spatial parameter will crucially depend on the 
growth behavior of the diffusion coefficients A\, . . . , Ajy. In order to capture 
well the growth of the local Lipschitz constants for estimating moments of 
the two-point motions ~E(\xt(x) — xt(y)\ p ), we shall distinguish between the 
following hypotheses: 

(HI) there are constants C\ and C2 > such that 

N 

]T|^(x)| 2 <G\ 2 , \A (x)\<C 2 (l + \x\); 

i=l 

(H2) there are constants C3 and C4 > such that 

N 

£ \Mx)\ 2 < Cf (1 + |x| 2 ), |i (x)| < C 4 (l + \x\). 
1=1 

Let us remark at this point that our setting could be extended to the case 
of infinitely many vector fields and, correspondingly, an infinite-dimensional 
Wiener process, by noting that (HI) and (H2) only concern Euclidean norms 
and could be stated for Hilbert-Schmidt norms instead. In what follows, 
universal positive constants appearing in the inequalities are denoted by C 
and allowed to change from instance to instance. 

1.1. Precise L p -estimates for the one-point motion. Define Yt(x) = 
sup 0<s<t \x s (x)\. We shall first give the explicit estimate of ||ii(x)||p as a 
function of p. 

Proposition 1.1. Under condition (HI), we have for any p > 1, 
(1.1) \\Yi(x)\\ p < (1 + CC lv ^)e° 2 (l + \x\). 



PROOF. Fix x 6 K d . For < t < 1, put ip{t) = \\Y t (x)\\ p and M, 



YliLi Jo Ai(x s (x)) dw\. By the inequality of Burkholder, Davis and Gundy 
(see [5] ) , for any < T < 1 , 

e( sup \M t \A <CVpP^\( [ T J^lMxsix))^ ds) 

\0<t<T J |_V0 i=l / 



< CC{ VpP, 
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or 



sup \M t \ p 
0<t<T 



p 



Using (0.2), we get the inequality 

<p(T) < \x\ + CC ly /p + C 2 [ T (l + <p(s)) ds. 

Jo 

Dividing both sides by the term 1 + \x\ and applying Gronwall's lemma 
to the function ip(T) + 1/(1 + |x|), we get < (1 + CC 1 ^/p)e C2 and 

estimate (1.1) follows. □ 

The preceding moment inequality implies the following exponential in- 
equality: 

COROLLARY 1.2. Suppose that (HI) holds. For R>0, there exists 5q = 
<5o(Ci, C2, R) > such that 

(1.2) sup E(e 5 ° y i 2(x) ) < +oo. 

\x\<R 

Proof. By (1.1), there is a constant (3 such that ||ii(x)|| p < f3y/p(l + 
\x\). Let 5 > 0. We have 



E(e 



8y?m ) _ 1 , g fflE(y^(x)) ^ | g ^(2p)ni + kl) 2p 



By Stirling's formula, ^ ~ as ^ ~~ > ~^ oc - Hence, if |x| < R, then the 

above expression is dominated by 

c (i + g(2^ (1+fl) y) = i _ 2 ^ (i+ ^ , 

which is finite if 5 < l/(2/? 2 e(l + i?) 2 ). So we get (1.2). □ 

In the following proposition, we shall investigate estimates under (H2): 

Proposition 1.3. Under condition (H2), there are constants (3\ and 
02 > such that for all p> 1 and x G R d , 

(1.3) ||yi(z)|| p <£i e frP(l + |x|). 



S. FANG, P. IMKELLER AND T. ZHANG 



Proof. Let M and <p be defined as in the proof of Proposition 1.1. 
Under (H2), we have 



sup M t 


<cc ly /p 


[I 


0<t<T 


p 





Therefore, in this case, the inequality 
(1.4) ^(T)<|x|+CC lv ^ 



(l + (p 2 (s))ds 



I' (1 + v 2 {s)) ds] + C 2 f 1 (1 + (f 2 (s)) ds 
Jo J Jo 



1/2 



follows. To apply Gronwall's lemma, we must square the two sides of (1.4), 
which results in 

ip 2 (T) < 3(jx| 2 + (C 2 C 2 p + 2C 2 ) J\l + v 2 (s)) ds^j . 



It follows that 



< 3exp{3{C 2 C(p + 2C|)T} 



(l + |x|) 2 
from which we deduce (1.3). □ 

In the same spirit, we can treat the time variation of the one-point motion 
moments. 

Corollary 1.4. Under hypothesis (HI) or (H2), for any p> 1, there 
exists a constant C p > (which depends on C\ and C 2 , or on C3 and C4, 
resp.) such that for x £ R rf , s, t > ; 

(1.5) B(\x t (x) - x s (x)\ 2 P) < C p \t - s\P(l + \x\) 2 p. 

PROOF. We have, for s < t, x G K d , 

N ft rt „ 

x t (x) - x s (x) / Ai(x u (x)) dw l u +/ A (x u (x))du. 

i=l Js Js 

Hence, there exists a constant (3 P > such that 



E(\x t (x) - x s (x)\ 2 P) < f3 p {B 



N 



\ Ai(x u (x))\ 2 du 



+ E 



i=l 
t 



\M(x u (x))\ du 



2p 



So, we see that for some sufficiently large constant C p > 0, the right-hand 
side of the above inequality is dominated by 

c p (t- s f(i + E(y 1 (x) 2p )). 

We now obtain (1.5) for an eventually different C p by using (1.1) or (1.3). 

□ 
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1.2. Precise L p -estimates for the two-point motion under global Lipschitz 
conditions. Here, we shall work under the following global Lipschitz condi- 
tion: 

(L) there exist constants L\ and L2 > such that 

N 

£|^(x)-^(y)| 2 <L 2 |*-y| 2 , 



\Ao(x)-Ao(y)\<L 2 \x-y\, x,y€R d 



Set Yr(x,y) = sup <t<T \xt(x) — xt(y)\. We shall give the explicit dependence 
on L\ and L2 for L p -estimates of Y\(x,y). 

Proposition 1.5. Under hypothesis (L), we have for any p > 1, all 
x,y£R. d , 

(1.6) E(Y 1 {x,y) p )<2 p \x-y\ p e CL i p2+L 2 p . 

Proof. Let tp(T) = \\Yr(x,y)\\ p . As in the estimates above, we have 



(1.7) v{T)<\x-y\ + CL 1 ^p- 



fT I 1/2 i-T 

/ (p 2 {s)ds + L2 / ip(s)ds 
Jo J Jo 



Squaring the two sides of (1.7) results in 

ip 2 (T) < 2 (2\x - y\ 2 + {2C 2 L\p + h\) v? 2 (s) ds^j , T < 1. 

It follows that for an eventually different constant C > 0, 

c^(l)<2|x-2/|e CL ? p+i 2, 
from which we obtain (1.6). □ 

Remark. In squaring the two sides of (1.7), the control on the Lipschitz 
constant L2 was lost. In order to recapture it, we shall now consider only 
E(\x t (x)-x t (y)\ p ). 

Proposition 1.6. Assume (L). Then for any p>2, all x,y £ K d and 

te [0,1], 

(1.8) E(|s t (aO - x t {y)\ 2p ) <\x- y\ 2p e 2p " '' L l+ 2pL \ 
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Proof. Let & = \xt(x) — xt{y)\ 2 ■ By Ito's formula, we have 

N 

d& = 2^2{x t (x) - x t (y),Ai(x t (x)) - Ai(x t (y))) dw\ 

i=l 

+ 2(x t (x)-x t (y),A (x t (x))-A (x t (y)))dt 
N 

+ Y / \Mxt(x))-Mx t (y))\ 2 dt. 
i=i 

The ltd stochastic contraction d£t ■ d£t is dominated by 

N 

4^> t (x) - xt(y),Mxt(z)) ~ MMy))) 2 < ±L\£. 

8=1 

Again, by Ito's formula, 

N 

d% = 2pY,tr 1 {xt(x) - x t (y),Mx t (x)) - Mx t (y))) dw\ 
i=l 

+ 2p$- 1 {x t (x) - xt(y),A (x t (x)) - A (x t (y))) dt 

+ per 1 e i A t (x 4 (x)) - A(x t ( y ))i 2 dt + fc^er 2 • 

i=i ^ 

which is less than 

dM t + (2pL 2 + 2p 2 L 2 )£fdi, 
where Mf is the martingale part of £f . Taking expectations, we get 

E(£f ) < |x - y| 2p + (2pL 2 + 2p 2 L 2 ) f E(£) ds. 
Now, GronwalPs lemma gives 

E(#) < |X - 2/ |2p e 2 P i2+2p 2 L? ) f g [Q) 1]; 

which is nothing but (1.8). □ 

1.3. Precise LP -estimates for the two-point motion under local Lipschitz 
conditions. We shall next assume that the vector fields Aq, A%, . . . , An are 
only locally Lipschitz. We shall describe growth conditions in m for the 
Lipschitz coefficients L m valid on Euclidean balls of radius m that lead to 
L p -moment estimates for the two-point motion of the flow. For this purpose, 
set 

N 

(1-9) L m,l=E SU P iKiO^f) L m,2= SUp Po(x)||, 

i=\ \x\<m \x\<m 
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where A\ denotes the Jacobian of the mapping x — ► Ai{x). Then for any 
x,y G B(m) := {z G R rf ; |z| < m}, we have 

TV 

^ |A(z) - Ai(y)\ 2 < L 2 ml \x - y\ 2 , \A (x) - A {y)\ < L m>2 \x-y\. 

i=l 

Now, consider a family of smooth functions <p m : H d — ► R satisfying < tp m < 
1 and 

y>m{x) — 1 for \x\ < m, 

(1.10) f m (x)=0 for |x| > to + 2, 

sup sup \<ff m (x)\ < 1. 
m xeR d 

Define ^4 m) i = (p m Ai for i = 1, . . . ,N and A mj o = ip m Ao. Then we have 

(1.11) sup \A' mtl (x)\ 2 <2< sup \A l {x)\ 2 + sup \\A^x)\\ 2 \ 

x£R d \|x|<m+2 |a:|<m+2 / 

(1.12) sup|^ (x)|< sup \A {x)\ + sup \\A' (x)\\. 

xSR d \x\<m+2 |x|<m+2 

Set 

N 

Lm,l=J2 SU P W A 'm,i( X )W 2 > £m,2= SUp P' mj0 (x)||. 

Let (xj n (x)) be the solution of the following stochastic differential equation: 

N 

dx? = Y,A m ,i(x?) dw\ + A mfi {x r t n ) dt, x% = x. 

i=l 

Applying (1.8), we get for p > 2, 

(1.13) E(\x™(x)-x™(y)\ 2p )<\x-y\ 2p e 2p2L ^ +2pLm ' 2 , iG[0,l]. 
We have 

+oo 

\x t {x) -x t (y)\ p = \ x t(x) -^(y)l p l{m-i<y 1 (x-)vyife)<m} 

m=l 

+oo 

= Yl \ X T( X ) -X?(v)\ P ^m-l<Y 1 (z)vY L (ji)<m}- 
m=l 

According to (1.13) and the Cauchy-Schwarz inequality, we obtain 
E(\x t (x)-x t (y)\ p ) 

(1.14) 



+oo 

< \x-y\ p f? 21 ™' 1 ^ 1 ™- 2 \l P{Yi{x) VFi(y) > m- 1). 

m=l 
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With the aid of this inequality, we are able to formulate growth conditions 
on the Lipschitz constants ensuring global moment estimates for the flow. 
In the following theorems, this will be done consecutively under (HI) and 
(H2). 

Theorem 1.7. Assume (HI). Letp > 2. Suppose that L m \ < am, L mj2 < 
(5m 2 . For R>0, let 5 be given according to Corollary 1.2. Suppose that 

(1.15) p 2 a 2 +pl3<5 /2. 

Then for any R > 0, there exists a constant C PtR > such that 

(1.16) E(\x t (x)-x t (y)\ p )<C p , R \x-y\ p for x,y G B(R),t G [0, 1]. 
In particular, if for some e > and constants (3\ , /3 2 , we have 

L m ,i<Pim 1 - 6 , L m , 2 <p2m 2 - e , 
then for any p>2, there exists C p > such that (1-16) holds. 

Proof. Let C R = sup\ x \< R ~E(e 5 ° Y ?^). Then for m > 1 and x, y G B(R), 

^P(Y 1 (x)VY 1 (y)>m-l) < ^2C~ R e~^ m ^ ' 2 . 
On the other hand, by (1.11) and (1.12), we have 

L 2 mA < 2NCf + 2a 2 (m + 2) 2 , L m , 2 < (3m 2 + (C 2 + 2/3)m + 3C 2 + 4/3. 
Therefore, there exists a constant j p > 0, independent of m, such that 

e P 2 im,i+P L "0 < 7p6 (p 2 a 2 +p/3)m 2 e (2« 2 +C 2 +4/3)m_ 

Now, using (1.14), we get 
B(\x t (x)-x t (y)\ p ) 



< 1p V2Cr-\x - y\ p J2 e- 50 ^ /2 e- 



<5 (m-l) 2 /2 (= (p 2 Q 2 +p/3)m 2 p (2a 2 +C 2 +4/3)m 

m=l 

2„,2 



It is clear that if p a + p/3 < Sq/2, then the above series converges, so 
that (1.16) follows. □ 

Remark. One can specify the i?-dependence of the constant C PtR by 
looking at the proof of Corollary 1.2. It is seen that there is a subtle trade- 
off between R and the parameter j3 appearing in the bound for the Lipschitz 
constants L m 2 which, in our setting, is expressed through the value of So = 
8 (C 1: C 2 ,R). 

Under (H2), the growth of the diffusion vector fields has to be counterbal- 
anced by a slower growth of the local Lipschitz constants. We shall formulate 
them implicitly through conditions on the L m> \ and L m ^- 
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Theorem 1.8. Assume (H2) and the existence of constants /?i,/?2 such 
that 

(1.17) L 2 m>1 </3ilogm, L mj2 < #2 log m. 

T/ien /or any p > 2, i? > 0, i/iere exists a constant C p r > suc/t i/iaf 

(1.18) E(|x t (sc)-^(y)H<C7 p , ii |a;-y|f for x,y £ B(R), £e[0, 1]. 

Proof. Let g > 2. By (1.3), a^j? = sup^^ E(Yi(x) q ) is finite. Then 
for any \x\ < R and m>2, 

P(y!(x)>m-l)<a 9ii? - 



(m - 1)9 

On the other hand, under condition (1.17), 
Therefore, if we take | > /3ip 2 + /?2P + 2, the series 

converges. Now, using (1.14), we obtain the desired result (1.18). □ 

2. Moment estimates for regularized ordinary differential equations. Let 

n > 1 be an integer. Define (^")tg[o,il by w o = anc l 

(2.1) w? = 2 n (w (i+1)2 - n -w t2 - n ) for te [£2- n ,(£+l)2- n [. 

Let x"(x) be the solution of the following ordinary differential equation: 

N 

(2.2) dx^ = Y^M^t)wt ,i dt + A Q {x 1 l)dt, x^ = x. 

i=l 

The aim of this section is to prove moment estimates for one- and two-point 
motions of these regularized ordinary differential equations, uniformly in the 
discretization parameter n. For this purpose, we shall use the techniques 
presented in the previous section, involving the specification of Lipschitz 
constants. 

2.1. Uniform moment estimates for the one-point motions. Define Y n (t, x ) 
siPo< a < t |sJ(x)|. Set 

d BA- 

(2.3) 5 t,fc = X) a -1 ^-* for z = l,...,iV and fc = 0,l,...,iV. 

For the first uniform boundedness result, we shall work under growth as- 
sumptions very close to (HI) of the previous section. 
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Proposition 2.1. Assume that 

N 

(2.4) Yl \Mx)\ 2 < Cl | A)(*)| < C 2 (l + \x\) 
i=l 

and 

(2.5) |J3ifc(aj)|<C3(l + |x|) foralli,k. 

Then there exist positive constants ct\ and a.2, independent of n andp, such 
that 

(2.6) B(Y n (l,x) p ) < (1 + |x|) p a?e Q2p2 - 

Proof. FortG [0,1], define t n = /c2^ n ifte [A;2~ n , (£; + l)2~ n [ and £+ = 
i n + 2 _n . We then have, for fixed but arbitrary £ G [0, 1], 



x + V / Ai{x n Sn )wy ds + / 4)(a£)ds 
i=1 ./o Jo 

i=i j ° 

x + M n (t)+ f A (x^)ds + R n (t), 
Jo 



accordingly. Consider Yi(s) = Ai{x™ n ) for s <t n and Yi(s) = (t — t n )2 n Ai(xf n ) 
for t n < s < t. Then M n (£) = £ili / ** ^(s) dtej. We have 

|y,( s )| 2 & = ^ \Y i { s )fd s +2- n {t-t n )H^\A l {xi)\ 2 < j o \Mxl)\ 2 ds 

and by Burkholder's inequality, 

t+ N \P/2"| 
i=l / J 

Observe that for fixed n, t — ► M n (t) is not a martingale. Only k — > M n (k2~ n ) 
is a Fk2~ n -martingale. Let £ G [£2 _n ,(£ + l)2~ n [. According to (i) and by 
Doob's maximal inequality, we have 

(ii) e( sup |M n (A:2- n )| p ") <2eE{\M n {t n )\ p ) <2eCC{^ ■ 



(i) E(|M n (t)H<Cv^E 



< CCf ^pP. 



\o<k<e 

Here, e is Euler's constant, resulting from the simple estimate 



p 



,p — 1 

Now, for s G [/c2~ n , (k + l)2~ n [, 



<2e, p>l. 
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A' 



(iii) M n {s) = M n {k2~ n ) + {s- k2~ n ) £ ^(xZ2-»)Kfc+l 



)2" 



- W 



k2- 



13 
2™. 



i=i 



Then |M n (s)| < |M n (/c2- n )| + Ci2- n / 2 Y n (k2~ n ) 1 where 



A' 



(2.7) 



r n ( s ) = 2™/ 2 ^ 



w 



1=1 



Therefore, 

(iv) sup |M n (*)|< sup |M n (A:2" n )| + Ci sup (2~ n / 2 r n (A;2^ n )). 

0<s<t 0<fc<^ 0<fc<^ 

Now using Lemma 2.2 below, we have for p>2, 



(v) E 



sup (2- n / 2 r(A;2- n )) p <J2^ np/2 ^(Xn{k2~ n ) 



lo<k<e 



< 2 n • 2~ np / 2 (CN) p ^pp < (CN) p yfip. 
So, combining (iv), (ii) and (v), we finally obtain 



(2.8) 



sup \M n (s)\ p 

0<s<t 



< CC ly /p. 



The remainder term R n is more delicate to estimate. Using the vector fields 
defined in (2.3), we may express R n by 

AT ,*r ,* -i N rt 



B in (x n \ W yda 



ds. 



Rn(t)= J2 I I* B %k {x n a )w n a k w n /da ds + f^ 
i,k=l Sn ^ i=l 

Let Rn,i and i? n ,2 be the two consecutive terms on the right-hand side of 
the preceding equation. Using hypothesis (2.4), for a G [s n ,s[, we obtain 

\x n a \<\x n Sn \+C l 2~ n Y}^:\+ C ^ / 0- + K\)ds. 



t=l 



Hence, Gronwall's lemma implies, with universal constants C\,C2, that 

(2.9) 1 + K\ < (|x?J + 1 + d2-"/ 2 r„( Sn ))e C22 "™. 
Using (2.9) and hypothesis (2.5), we have 

(2.10) K, 2 (t)|<C 3 e C22 ~" ^(|x"J + l)r n ( Sn )d S + Ci£r„( S „) 2 d S . 

By independence of x™ n and r n (s n ), we have 

(2.11) E((|<J + l) p T n (s n ) p ) < E((l + Y n (s,x)) p )E(T n (s n ) p ). 
Combining (2.10) and (2.11) and again using (2.14) in Lemma 2.2, we get 



(2.12) 



sup \R n ,2( S ) 
0<s<t 



< C 3 e° 2 (cNjpj\l + \\Y n (s, x)\\ p ) ds + dC 2 iV 2 ^ . 



14 



S. FANG, P. IMKELLER AND T. ZHANG 



In the same way, 

SUp |-Rn,l(s)| 
0<s<t p 

(2.13) 

< C 3 e° 2 (c 2 N 2 P J Q (1 + \\Y n (s, x)\\ p ) ds + CiC 3 iVV /2 

where C 3 is another universal constant and C results from Lemma 2.2. 
Now define ip(t) = \\Y n (t,x)\\ p . Combining (2.8), (2.12) and (2.13), we finally 
obtain 

ip(t) + l< \x\ + l + CC 1 ^ + C 3 e C2 {C 1 C 2 N 2 p + CiC 3 N 3 pV 2 ) 

+ C 3 e C2 {CN^ + C 2 N 2 p) f\l + ^(s))ds. 

Jo 

From the structure of the bound just obtained, we see that there are two con- 
stants a±,a2 > 0, independent of n and p, such that ^(1) < (|x| + l)aie a2P 
holds. The result (2.6) follows. □ 

Lemma 2.2. There exists a constant C > such that 

(2.14) ||r n (s)||, < CNy/d for all se[0,l[,n>l,q>2. 

Proof. Let s £ [k2~ n , (k + l)2" n [ be given. Let ji = 2 n/2 (^ fc+1)2 _„ - 

w! 2 _„). Then 71,..., 77V are independent standard Gaussian random vari- 
ables. For any 1 < i < N , 

r+00 „ , rfe o<?/2 f+OO 

E(| 7i |«) = 2 / S ie- S I 2 -^L= l —\ 8 (i+D/2-i e -. ds . 
JO V27T yvr Jo 

By well-known properties of the Gamma function, the above quantity is 
dominated by Cq q / 2 , with a universal constant C > 0. Now, 

N 

||r n ( s )|| 3 <£|| 7i || w <c'iv v ^. 

i=l 

We thus obtain (2.14). □ 

We next discuss the case where condition (2.4) is replaced by 

N 

(2.15) Y,\Mx)\ 2 <C 2 (l + \x\ 2 ), |4,(aO|<C 2 (l + |x|). 

i=l 

(2.15) combined with (2.5) resembles (H2) of the previous section. 
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Proposition 2.3. Assume (2.15) and (2.5). Then for any p> 2, there 
exists a constant C p > such that 

(2.16) sup E(\x?(x)\ p )<C p (l + \x\ p ) for any n > 1. 

0<i<l 

Proof. We resume the computation carried out in the proof of the 
previous proposition, taking into account the linear growth of coefficients 
Ai,...,A N . Let t€ [0,1] be fixed and set M n (t) = Y,f=i Jo A^Jwf 1 ds. 
By the previous computations, we see that for some constant C p > 0, 

(i) E(\M n (t)n<C p f\l + B(\xlf))ds. 

Jo 

Moreover, for a £ [s n ,s+[, we have 

K\ < |<j + a ( f (1 + \x n s \)ds) £>^| + c 2 f (i + K|) d*. 

So Gronwall's lemma gives, with some universal constants C\,C2, 
\x2\ + 1 < (|<J + l) e 2 ~ n ( c 2+Ci£iil<?l). 

It follows that 

(2.17) |a£| + 1 < e C2 (|<J + l)e Cir "H a G [ Sn , s +[. 

Replacing (2.9) by (2.17) in the estimate of R n (t), we have, with another 
universal constant C3, 

\Rn,2(t)\ <C 3 e c * J\\x^\ + l)e c ^ s ^r n (s n )ds, 

\R n ,i{t)\<C^ f(\x n Sri \ + l)e c ^^T n (s n fds. 
Jo 

By a direct calculation, 

(ii) E (e 2pCir ^)<2 N e i P 2c ? N / 2 . 

Now, using the independence of \x™ \ and T(s n ), (ii) and (2.14), we see that 
there exists a constant C p > such that 

(hi) E(|iu*)n<c p Ai+E(i<n)d S . 

« 

Therefore, (i) and (iii) imply that 

E(\xW)<C p (\x\> + J\l + E(\xl\ p ))ds + J\l + E(\x^))ds 

Finally, we consider ip(t) = sup 0<s<i E(|x™| p ) + 1. The inequality just derived 
implies that 

rt 



il>(t) < C p (\x\ p + 1) + 2C P [ ${s)da. 

Jo 
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So, a final application of Gronwall's lemma yields another constant C p such 
that 

sup E(\ x ?n<c p (i+\xn 

0<t<l u 

Using the same techniques, we may also derive uniform moment estimates 
for the time fluctuations of the approximate ordinary differential equations. 

Proposition 2.4. Assume (2.15) and (2.5). Then for any p> 2, there 
exists a constant C p > 0, independent of n, such that 

(2.18) E(K(x) - xUx)\ p ) < C p (l + \z\>) \s - t\P/ 2 . 

Finally, we derive a result describing a bound for the maximal growth 
of the one-point motions of the regularizing ordinary differential equations, 
uniformly in n. 

Theorem 2.5. Assume (2.15) and (2.5). Then for any p > 2, there 
exists a constant C p > such that 

(2.19) E(Y n (l,x) p ) <C p (l + \x\ p ) for any n> 1. 

Proof. Let 7 > be a parameter such that < 7 < 1/2 and q > 2 be an 
integer such that 2^7 > 1, 2g(| — 7) > 1. Then it is known from the regularity 
lemma of Garsia, Rodemich and Rumsey that 



0<t<l JO JO \t~ s| 1+ ^7 

Therefore, we have 

But, by (2.18), this bound is dominated by C p (l + |x| p ) 2<? since 



p\ 

1 /•! 



\t-s\ qp -^ +2q ^ p dsdt<l. 



JO 



So we get (2.19). □ 



2.2. Uniform moment estimates for the two-point motions. For vector 
fields satisfying global Lipschitz conditions and regularizations as consid- 
ered here, Bismut [1] or Moulinier [10] proved that E(\xf(x) — x™{y)\ p ) < 
C p \x — y\ p for all x,y € R rf , where C p is independent of n. However, the 
dependence of C p on the Lipschitz continuity properties of the vector fields 
is not specified. In what follows, we shall make this functional dependence 
explicit. 
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Theorem 2.6. Assume that for x,y G R d , 

iv 

(2.20) Y,\Mx)-My)\ 2 <Ll\x-y\ 2 , \A (x)-A (y)\<L 2 \x-y\ 
i=i 

and for all I <i < N ,1 <k < N , 

(2.21) {Bi^-Bikiy^KK^x-yl, \B i0 (x) - B i0 (y)\ < K 2 \x - y\. 
Let C be the constant appearing in Lemma 2.2. Define 

a n = 2p((2p - l)L\ + ^ 1 )(4C 2 iV 2 2 7V e 8 ^ JV2 ^ L ?) e 2 P 2 ^ i2 

+ 2-™/ 2 2p((2p - l)L 1 L 2 + K 2 )(2CN2 N e s P 2m ~ nL ")e 2p2 ~ nL \ 

Then 

E(|a£(s) - x?{y)\ 2p ) <\x- y\ 2p e 2pL2 e a " <\x- y\ 2p e 2pL2 e ai . 

Proof. For n,x,y,t fixed, we have 

N r t 

x?(x)-x?(y) = x-y + Y l / (M^))-Mx^y)))w^ds 

+ f(A {x n s (x))-A Q {x n s (y)))ds. 
Jo 

Set & = \x?{x) - Q{y)\ 2 . Then 

N 

dt t = 2Y / (xUx)-xny),MxUx))-Mx?(y)))^' l dt 

i=l 

+ 2(xr(rr) - x?(y), A {x^x)) - A (x^(y))) dt. 

Set 

Qi{t) = (xUx) - xUy),Mx?(x)) - Ai(xt(v))) for i = 0,1,..., TV. 

Then d£t has the decomposition d^ t = 2 J2iLi Qi(t)u>t' 1 dt + 2Qo(0 dt. For 
p > 2, we have 

i=l 
JV 

(2.22) = 2pY j e t ; 1 Qi{tn)w r l' 1 dt + 2p$- 1 Qo(t) dt 

i=l 

N 

+2 P ^r 1 Qi(t)-e t : l Qiitn))wfdt. 

i=l 
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Let M t = 2pY^?=iJo^~ 1 Qi(s n )w^ i ds. Then E(M t ) = 0. Moreover, we have 

(2.23) 2p f t \e s ~ 1 Qo(s)\ds<2pL 2 [ %ds. 

Jo Jo 

To estimate the third term R(t) = 2p£^ 1 Joi^Qiis) - ^Qi^))^ ds 
appearing on the right-hand side of (2.22), we compute the derivative of 
We get 

(^ _1 QiW)' = (p- i)tTXQi(s) + tr 1 Q'M- 

Computing Q'^s) and using our Lipschitz continuity hypotheses, we get 

N 

\Qi(s)\ < (K, + K' fc l + ( L i L 2 + K *%- 

k=l 

Therefore, 

Ker 1 ^))'! 

(2.24) 

TV 



< ((2p - 1)L!L 2 + K 2 )g + ((2p - 1)L 2 + Kjg J2 



k=l 



To estimate the contribution of £ P , first note that for a € [s n , we have 
K(x) - xZ(y)\ < IO) - x n Sn (y)\ +L 1 (f' 7 \xZ(x) - <(y)| du) J>#| 

+ L 2 I* \x n u (x)-x n u (y)\du. 

J S n 

Now apply Gronwall's lemma. This leads to 

K(x) - x-(y)\ < |<» - x n Sn (y)\ • e^E^i I 
Therefore, for a G [s n ,s+[, 

(2.25) • e 2p2 ~ n/2iirn(Sn) e 2p2 ~ n1,2 . 

Hence, by (2.24), 

'0 An 



N ft PS 

\R(t)\<2 P j2 / i(er^))'ii<i^ 



i=l ' 

rt r s 



< 2 P { ((2 P -i)Lj+K 1 ) ij s e(f>ri) (E K ,fc i) d ° ds 



±((2p-l)L 1 L 2 + K 2 ) l*f'&[[ 



N 
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which, according to (2.25), is dominated by 

2pl [ ((2p - l)L\ + K x )e^- nL > e s Jn(s n ) 2 e^- n/2L ^^ ds 

+ 2^/ 2 ((2p - l)LxL 2 + K 2 )e 2 ^ nL ^ f e s J n (s n )e 2p2 ^ /2L ^^ ds}. 
Next, we employ the independence of £ Sn and F n (s n ). Therefore, 

E(^r„( Sn ) 2 e 2 ^"" /2Lir "^)) = E(^)E(r„( s „) 2 e^ 2 -" /2 ^ r "^)). 

By estimates derived above, using Lemma 2.2, we have 

B(T n (s n ) 2 e 2p2 '" /2L ^ s ^) < AC 2 N 2 2 N e 8 P 2N2 ~ nL2 

and 

E(T n (s n )e 2 P 2 ~ n/2L ^^) < 2CN2 N e 8 P 2N2 ~" L2 . 
Summarizing, the definition 

a n = 2p((2p - l)L 2 + K 1 )(4C 2 iV 2 2 A ^^N2^l\ )(?V 2~-l 2 

(2.26) 

+ 2~"/ 2 2p((2p - l)LxL 2 + K 2 )(2CN2 N e s P 2N2 - nL2 )e 2p2 - nL * 
implies the following inequality for E(|i2(i)|): 

B(\R(t)\)<a n /*E(&)«k- 
Substituting all the estimates obtained so far in (2.22), we obtain 

E(£ P )<\x-y\ 2p + 2pL 2 fm P s)ds + a n fm p Sn )ds. 

Jo Jo 

Finally, let tp u = sup < s < M E(££). For T > and any < t < T, the above 
inequality then leads to 

E(£f) < \x-y\ 2p + 2pL 2 [ T fads + a n f 'fads, 

Jo Jo 

also expressible as Vt < \x — y\ 2p + (2pL 2 + a n ) Jq fads. So GronwalPs 
lemma implies that for any < t < 1, 

E(£f)< \x-y\ 2p e 2pL2 e Qn . 

We thus have the desired result. □ 
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3. Limit theorem without global Lipschitz conditions. The expression 
(2.26) for a n is quite complicated. But it gives the explicit dependence of 
our uniform moment estimates on the Lipschitz constants for the vector 
fields of the underlying stochastic differential equation. We shall exploit this 
fact in the present section to derive a theorem about the convergence of the 
ordinary differential equation regularizations given in the preceding section 
to the solution of the stochastic differential equation. The explicit form of 
the dependence allows us to relax the global Lipschitz conditions to suitable 
local ones. For this purpose, the techniques explained in the first section will 
be applied. Let us first formulate convenient local Lipschitz conditions. 

Let A\,...,An be C 2 -vector fields on H d and Aq be a C 1 -vector field. 
Suppose for x,y £ B(n), 

N 

Y^\Mx) ~ Mv)\ 2 < Ll^x - y\\ 

(3-1) 

\Aq{x) - A (y)\ < L nj2 \x - y\, 

with positive constants L nt i,L n 2- Choose a family of smooth functions 
cp n : H d — > R satisfying < ip n < 1 and 



(3.2) 



(p n = 1 on 6(h), ip n = onS(n + 2)°, 

SUp H^Hoo < 1, SUp H^Hoo < C < +00, 

n n 

where || • ||oo denotes the uniform norm. Introduce the vector fields 
A n ,i = (p n Ai for i = 0, 1, . . . , N. 

Put 

N 

(3.3) ^n,l = S sup ll^iWII 2 ' L U)2 = sup ||^ )0 (x)||. 



Define 



d BA ■ ■ 

B ?fc = E-^<* for, = l,...,iVandA : = 0,l,...,iV 

j=l 3 

and set 

(3.4) K nA = sup sup \\(B? k )'(x)\\, K n , 2 = sup sup \\(B? Q )' (x)\\. 

i,k xeR d * xeR d 

For n £ N, let (z"(x)) be the solution of the ordinary differential equation 

N 

(3.5) dz^Y^KM^fdt + An^dt, z% = x, 

i=i 
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with w n ' 1 as defined in (2.1). We can apply Theorem 2.6 to obtain the 
estimate 

(3.6) E(\z?(x) ~ zt{y)\ 2p ) <\x- y \ 2p e 2pLn > 2 e &n , 
where 

a n = 2p((2p - l)L 2 nil + K n!l )(4C 2 N 2 2 N e Sp2m - ni li)e 2 P 2 - n& ^ 

(3.7) + 2~ n / 2 2p((2p - l)L n>1 L n>2 + K nfi ) 

x(2CN2 N e 8p2N2 ~ nL ^)e 2 P 2 - n& ^. 
Now, suppose that with positive constants ft, 1 < i < 4, we have 
I* 2 , i < ft log n, L n 2 < ft log n, 

(3.8) 

«n,i < ft log n, K n .2 < ft (log n) 3 / 2 . 

Under these conditions, it is easy to see from the definition of a n that there 
exists a constant C p , independent of n, such that 

(3.9) a n <C p (Ll tl + K n>1 + l). 

Therefore, (3.6) implies that 

E(\z?(x) - z?{y)\ 2p ) <\x- y\ 2p e c ? e 2pin > 2 e c * { &* +Kn > 1 '> . 

Our aim is to obtain an estimate which is uniform relative to n. For this 
purpose, we shall again use the cut-off functions (p m introduced in (3.2). For 
the sake of simplicity, we shall formulate conditions only on the coefficients 
Aq,A\, . . . , An. For m > 1, set 

C m,l=^2[ SU P \ A i( x )\ 2 )i Cm,2= SUp |A (z)|, 

V|a;|<m / |x|<m 

J m ,l= SUp I SUp ||S- fc (x)|| 2 j, J mj2 = SUp SUp ||S- (x)||. 

i,fc^0 V|x|<m / i \x\<m 

We shall work under the following hypotheses: 

{C^ jl <7ilogm, C my2 <72logm, 
L 2 ^! < ft log to, L m>2 < ft log m, 
</m,i <5ilogm, J m>2 < 5 2 (logm) 3 / 2 . 
Recall that A n ^ = ip n Ai. Under hypothesis (H), we have 

N 

Y.\ A "A 2 <7ilog(n + 2), l^o] < 72 log(n + 2), 

i=l 
N 

]T \\KA\ 2 < 2(71 + ft) log(n + 2), K )0 || < ( 72 + ft) Iog(n + 2). 
i=i 
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Since B'f k = Ylj=i T$r l PnAiA'j e + '■Pn-^iki hypothesis (H) moreover implies that 

||(i?a)'ll < h log(n + 2), \\{Bl)'\\ < J 2 (Iog(n + 2)) 3 / 2 , 

for some constants <5i and 62 ■ Therefore, hypothesis (H) implies condi- 
tions (3.8), so that (3.9) is validated. Now let m > 1. Consider 

A m>nj i = <f m A n>i for i = 0, 1, . . . , N. 

We have 

N 

(3.10) Y.\ A m,n,i? <7ilog(«iAn + 2), |A m , n ,o| < 72 log(m A n + 2), 
i=l 

N 

(3.11) ^p / linii || 2 </3 1 log(mAn + 2), < ft log(m A n + 2) 

i=l 

and 

(3.12) || {BT)'\\ < ~5l Iog(m A n + 2), || W")'|| < fe(log(m A n + 2)) 3 / 2 . 
Let (^" (x)) be the solution of 

N 

(3.13) = £ A^rM^PK^ <B + VnA™ ) Z T = 

Using (3.10)~(3.12) to estimate a m in (3.7), we have for m<n, 
a m < C p (0i + 71) log(m + 2) + 1). 

We conclude that 

(3-14) . . . 

= e c *(m + 2) 2p P 2+c ^ +s ^ \x - y\ 2p . 

Extrapolating in m by means of the techniques presented in Section 1, we 
obtain the following moment estimate for the two-point motion, uniformly 
in the regularization parameter: 

Theorem 3.1. Under the hypothesis (H), for any p > 2 and R>0, there 
exists a constant C p ,r > 0, independent of n, such that 

(3.15) E(\z^x)-z^y)\P)<C P!R \x-y\P forx,y£B(R). 
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Proof. It is clear that (H) implies the growth conditions (2.15) and 
(2.5). Let Y n (x) =sup 0<t<1 |z"(x)|. We have 

\Zt{%) ~ Zt(v)\ P = J2 \ Z t( X ) ~ Z t(y)\ Pl {m~l<Y n (x)VY n (y)<m} 
m>l 

= \ Z T n ( x ) - z T n (y)\ Pl {m^l<Y n {x)WY n (y)<m}- 

Let q>2. By (2.16), there is a constant C q ^n > such that for all \x\ < R 
and \y\ < R, 

P(Y n {x) V Y n (y) > m - 1) < C q , R ^. 

Using (3.14), we have 

E(\z? n (x) - zT n {y)n {m _^ Yn{x)yYn{y)<m} ) 

< e c *>{m + 2) p ^ +c ^+' s ^ 2 • y^-L^lx - y\ p . 

Now taking q/2 > p(3 2 + \C p 0i + <5i) + 2 gives (3.15). □ 

The following proposition states a similar uniform moment estimate for 
the time fluctuations of the solutions of the regularized equations: 

Proposition 3.2. Assume hypothesis (H) is satisfied. For any p > 2 
and R > 0, there exists a constant C Pi r > 0, independent of n, such that 

(3.16) E(\z?(x)-z"(x)\ p )<C p , R \t-s\ p/2 , \x\<R,s,t€ [0,1]. 

Proof. The coefficients A n ^ and B™ k satisfy (2.5) and (2.15). Therefore, 
we can apply Proposition 2.4 to obtain (3.16). □ 

We are finally in a position to prove the convergence of the ordinary 
differential equations' regularizations (2™) to the solution of the stochastic 
differential equation (xt) in the LP sense, uniformly in space and time. To 
state this result, we first establish it in a weaker sense. 

Lemma 3.3. Let R> and p>2. Then 

(3.17) lim sup sup E(\z?(x) - x t (x)\ p ) = 0. 

n ^+°° \x\<R0<t<l 

Proof. Let Y n (x) = sup < i <i |z™(x)| and Y{x) = sup < t <i |xt(x)|. Let 
m > 1 . We have 

E(K(x) - x t (x)\ p ) = E(\z?(x) - x t (x)n {Yn[x)yY{x) < m] ) 

+ E(\z?(x) - x t {x)\ p l {Yn{x)yY{x)>m] ). 
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Due to (1.4) and (2.16), the second term is majorized by 
C p E((y n (s)* + Y{xf)l {Yn{x)yY{x>m} ) < C P , R 



Jm 

To obtain (3.17), it is therefore sufficient to prove that 

(3.18) lim sup sup E(|z t n (x) - xt{x)\ p l {Yn {x)vY(x)< m }) = 0. 

n ^+°° \x\<R0<t<l W " J 

Let n > m + 2. By uniqueness of solutions, on the subset {w; Y n (x) < m}, 
zf{x) = x™ n (x) for all t G [0, 1], where x^ m {x) is the solution of the following 
ordinary differential equation: 



N 



dx ? m = J2i<PmAi)(xr(x))w^ dt + (<p m A )(xr(x)) dt, 



i=l 



On the other hand, let r m (x) = inf{i > 0, |xt(x)| > m}. Then x 4ATm ( x ) (x) 
satisfies the following Ito stochastic differential equation: 



A' 



dx?{x) = Y,(VmA i )(x?{x))d W \ 
i=l 

+ L m A + 1 ^ w = *■ 

It follows that on the subset {Y(x) < m} or {r m {x) > 1}, we have x™(x) = 
xt(x) for all t G [0, 1]. Therefore, 

E(k n (z) - ^(^)ri{y n (x)vy( a; )< m }) = E(|x t ram (x) - x™(x)\ p l {Yn{x)vY (x)< m }) 

<B(\ x r(x)-xT(x)n- 

We are now in the classical situation. Therefore, Moulinier's result from [10] 
can be applied to obtain (3.18). The proof of (3.17) is thus complete. □ 

We finally strengthen the previous result to moment convergence, uni- 
formly in space and time. 

Theorem 3.4. Assume hypothesis (H). Then any p> 2, 



(3.19) lim E sup sup \z?(x) - x t (x)\ p ) = 0. 

V0<f<l |x|<_R 



Proof. Let p > 2 be given. By (3.15), (3.16) and the Kolmogorov mod- 
ification theorem, there exists (3 > such that for \x\ < R, \y\ < R and 

Me [0,1], 

(3.20) \${x) - z n s {y)\ < F n • (\x - yf + \t- sf), n > 1, 
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where {F n ; n > 1} is a family of measurable functions bounded in L p for any 
p. In the same way, according to Corollary 1.4 and Proposition 1.6, there 
exists F £ L p such that 

(3.21) \x t (x) - x s (y)\ <F-(\x- yf + \t- sf). 

Let e„ = sup < t < 1 sup| x |< i jE(|zf (x)-:ri(2;)| p ). By Lemma 3.3, lirn n _> +ao e n = 
0. Let a n > 0. Then there exist N n < C points x\, . . . ,x^ n in the ball 

B(R) and ii, . . . ,tj\r n G [0, 1] such that 

[0,1] x c (J [ti - <7 n , tj + cr n ] x {x; <ct„}. 

i=l 

Let (t,x) £ [0,1] x B(R). There exists one i such that \t — U\ < a n and 
\x — xi\ < a n . We have, according to (3.20) and (3.21), 

\z?{x) - x t (x)\ < \z?(x) - %(xi)\ + |z£(zi) - x ti (xi)| + \x u {xi) - x t{x)\ 

<2(F n + F)aP + \z? i (x i )-x ti (x i )\. 

It follows that 

sup sup \z?(x)-z t (x)\P<cJ(F* + F*)a%>+ sup | - x u ( Xl )\ p 

0<f<l|a;|<R I l<i<7V n 



<cJ(F* + FP)a%>+ K{xi)-x u { Xl )\ p \ 



l<i<N n 

with a constant C p depending only on p. Therefore, for another such constant 
C p > 0, we have 

e( sup sup \z?(x) - x t (x)\p) < C p aP p + N n e n 

\0<t<l|x|<fl / 



<d p <T%> + C 

Now taking a n = £n gives the result (3.19). □ 



-l 



Due to hypothesis (H), Theorem 3.4 finally implies Theorem A, following 
a procedure in Chapter V of [4]. 
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